A class of cyclic (v; k , k , k ; λ) di erence families with v ≡ (mod ) a prime DOI 10.1515/spma-2016-0029 Received March 18, 2016 accepted July 15, 2016 Abstract: We construct several new cyclic (v; k , k , k ; λ) di erence families, with v ≡ (mod ) a prime and λ = k + k + k − ( v − )/ . Such families can be used in conjunction with the well-known Paley-Todd di erence sets to construct skew-Hadamard matrices of order v. Our main result is that we have constructed for the rst time the examples of skew Hadamard matrices of orders · = and · = .
Introduction
Let Zv = { , , . . . , v − } be the ring of integers modulo an integer v > . Let k , . . . , k t be nonnegative integers, λ an integer such that
and let X , . . . , X t be subsets of Zv such that |X i | = k i , i ∈ { , , . . . , t}.
De nition 1.
We say that X , . . . , X t are supplementary di erence sets (SDS) or a di erence family with parameters (v; k , . . . , k t ; λ), if for every c ∈ Zv \ { } there are exactly λ ordered triples (a, b, i) ∈ Zv × Zv × { , , . . . , t} such that {a, b} ⊆ X i and a − b ≡ c (mod v).
In the context of an SDS (v; k , . . . , k t ; λ), it is convenient to introduce an additional parameter, order n, de ned by n = k + · · · + k t − λ.
We refer to the sets X i as the base blocks of the SDS. In the case t = the SDSs are called cyclic di erence sets, see [1] , [11] , [14] . In some cases we have to replace some of the base blocks with their complements in Z v . This gives a new SDS with di erent parameter λ. However, the parameter n remains the same. Thus we can easily compute the new value of λ. There are exactly twelve integers n < for which the existence question for Hadamard matrices of order n is still undecided (see [6] ):
All of these integers are primes congruent to 3 modulo 4. This motivates the search for special methods to construct Hadamard matrices for these orders.
One of the powerful methods is based on the Goethals-Seidel array (GS-array), see e.g. [13] :
where the Z i are suitable { , − }-circulant matrices and R is the square matrix with ones on the back-diagonal and zeros elsewhere. If X ⊆ Zv, then the associated sequence of X is the {± }-sequence ξ , ξ , . . . , ξ v− with ξ i = − if i ∈ X and ξ i = otherwise.
Usually, to construct a Hadamard matrix of order v via the GS-array, we require an SDS, say X , X , X , X , with parameters (v; k , k , k , k ; λ ) and order n = v, i.e., such that λ = k + k + k + k − v. Given such SDS, let A , A , A , A be the sequences associated to the base blocks X , X , X , X , and let Z , Z , Z , Z be the circulant matrices with the rst rows A , A , A , A , respectively. By plugging these circulants into the GS-array, we obtain a Hadamard matrix. This will be a skew-Hadamard matrix if the block X is of skew type. This means that X has the property that i ∈ X if and only if −i ∉ X . In particular, v must be odd, ∉ X and |X | = (v − )/ . In this paper we are interested in the special case of this construction where v ≡ (mod ) is a prime and k = (v − )/ . Moreover, except for the last section, we shall assume that we have choosen X to be the Paley-Todd di erence set, see [15, Theorem 27.4, p. 234] . Then the base blocks X , X , X form an SDS with the parameter set (v; k , k , k ; λ) and order n = ( v − )/ . Thus we have
Without any loss of generality, we may assume that
We denote by P the collection of parameter sets (v; k , k , k ; λ), with v ≡ (mod ) a prime, and satisfying the conditions (1), (3) and (4).
Conjecture 1.
For each parameter set in P, there exists at least one SDS.
We claim that the family P is in nite. This follows from the following stronger result.
Proposition 1. For each prime number v
Proof. Recall the famous result of Gauss that every positive integer is a sum of at most three triangular numbers. This fact is equivalent to the assertion that every positive integer congruent to 3 modulo 8 is a sum of three odd squares (see [9] ). As ( ; , , ; ) ∈ P, we may assume that v > . 
In section 2 (and in the appendix) we list all parameter sets in P with v ≤ and for each of them we provide at least one SDS whenever such SDS is known. Although there remain several undecided cases, these computational results suggest that Conjecture 1 is true.
In section 3 we give three non-equivalent SDSs with the parameter set ( ; , , ; ) and n = . The importance of these three SDSs is that each of them, in conjunction with the Paley-Todd di erence set (the set of nonzero squares in the nite eld Z ), gives a skew-Hadamard matrix of size · .
Finally, for the parameter set ( ; , , , ; ), which is not in P, we construct in section 4 six non-equivalent SDSs in which the block of size is of skew type. Thus we obtain six skew-Hadamard matrices of order · = . To the best of our knowledge, skew-Hadamard matrices of the two orders mentioned above were not known previously. See [12, Table 1 ]) for the list of 98 odd positive integers m < for which no skewHadamard matrix of order m was known at that time. Subsequently, skew-Hadamard matrices of order m were constructed for m = , , [4] and m = [6] . To update the above mentioned list, one should delete from it the six integers , , , , , . The rst 22 entries (those with m < ) in the updated list are:
, , ,
Only ve of these values, namely v = , , , , , admit the parameter sets in P.
Di erence families with parameters in P and v ≤
In this section we provide evidence for Conjecture 1. In the appendix we list all parameter sets (v; k , k , k ; λ) with v ≤ which belong to the family P. For each of them we either give a reference to papers where the SDSs have been constructed or give explicit examples of SDSs that we have constructed. If no SDSs are known, we indicate by a question mark that the existence question remains undecided.
In some cases we use the known D-optimal SDSs to construct the desired di erence family with three base blocks. This works only when k = (v − )/ . Assume that there exists an SDS (X , X ) with the parameter set
In that case we say that the SDS (X , X , X ) is constructed from the D-optimal SDS (X , X ). A list of known D-optimal SDSs (v; k , k ; λ ′ ) with v < and examples of the corresponding DO-designs are given in [8] .
The multiplicative group Z * v of the prime eld Zv, acts on Zv by multiplication modulo v. In many cases we construct the base blocks X , X , X of an SDS as the union of orbits of a nontrivial subgroup H of Z * v . Let H = h , i.e., h is a generator of H. The orbit containing the integer j ∈ Zv is written as H · j. In particular, when j = we obtain the trivial orbit H · = { }. In all of our computations, the order of H is a small odd prime divisor q of v − . So, an H-orbit has size 1 or q. If it is of size 1, say {x}, then (h − )x = . As v is a prime, it follows that x = . Hence, all nontrivial orbits of H are of size q.
We write the blocks X , X , X as
Here, the set J is a set of representatives of the H-orbits comprising X , etc. Thus, in order to specify the blocks X , X , X , it su ces to specify the subgroup H and the corresponding sets of representatives J, K, L ⊆ Zv. In order to be able to use this method it is necessary that H be chosen so that q divides either k i or v − k i for each i. This explains why we were able to nd an SDS for v = but not for some smaller values of v, say for v = . Table 1 summarizes what we presently know about the existence of SDSs with parameters in P for v ≤ . The entry "yes" means that the SDS exists, while "?" means that the existence question remains undecided.
Three skew-Hadamard matrices of order ·
According to the list [12, Table 1 ] no skew-Hadamard matrix of order · is known. We construct such a matrix by using the method presented in the Introduction. For this construction we need a di erence family with three base blocks X , X , X having the parameters ( ; , , ; ). We have constructed three such families by using the subgroup H = { , , , , , , } of Z * . In each case, the base blocks X , X , X are unions of orbits of H as in 
Six skew-Hadamard matrices of order ·
According to the list [12, Table 1 ] no skew-Hadamard matrix of order · is known. Although there are six parameters sets in P with v = , we did not succeed to construct an SDS for any of them. However we were able to construct six di erence families with base blocks X , X , X , X having the parameter set (  ;  ,  ,  ,  ; ). In all six cases X is of skew type (but not a di erence set). Hence, by plugging the corresponding four circulant matrices into the GS-array, we obtain a skew-Hadamard matrix of order · = . We have veri ed that the six di erence families constructed above are pairwise nonequivalent.
We have constructed these 6 families by using the subgroup (In the last four cases the block X is symmetric.)
Conclusions
One of the standard methods of construction of Hadamard matrices of order v uses the Goethals-Seidel array. This method requires supplementary di erence sets (SDSs) with 4 basic blocks and special parameter sets, namely (v; k , k , k , k ; λ ) with order n = v. In this paper we investigate a special subclass of such SDSs which are obtained from simpler SDSs having only 3 base blocks. Their parameter sets have the form (v; k , k , k ; λ) with v ≡ (mod ) a prime, and have the order n = ( v − )/ . We assume that they are normalized in the sense that v/ > k ≥ k ≥ k . We denote by P this in nite family of parameter sets (see Proposition 1). If we add the Paley-Todd diference set in Zv, we obtain an SDS with four base blocks, whose order n is equal to v. Consequently, the Hadamard matrix constructed by using this new SDS is a skew-Hadamard matrix.
We have conjectered that, for each parameter set in P, there exists at least one SDS.
To provide evidence to this conjecture, we performed many computations to construct such SDSs. Table  1 gives a summary of the previously known and the new SDSs belonging to P in the range v ≤ . Among the 36 parameter sets in this range, the SDSs are not known in 8 cases.
Moreover, we have constructed three non-equivalent SDSs for the parameter set ( ; , , ; ), which belongs to P but has v = > . Each of them gives a skew-Hadamard matrix of order . These are the rst examples of such matrices.
As an aside, we also record six SDSs with four base blocks which give skew-Hadamard matrices of order . Again, these are the rst examples of such matrices. ( ; , , ; ), n = Three non-equivalent SDSs with these parameters can be constructed from the D-optimal SDS with parameters ( ; , ; ) found in [10] and the two additional D-optimal SDSs found in [8] . We have constructed very recently yet another D-optimal SDS with the same parameters, not equivalent to any of the three SDSs mentioned above. Its two base blocks are ( ; , , ; ), n = ?
( ; , , ; ), n = ? ( ; , , ; ), n = Use the D-optimal SDSs with parameters ( ; , ; ) constructed in [7] .
( ; , , ; ), n = Use the D-optimal SDSs with parameters ( ; , ; ) constructed in [7] .
In the following two cases we use the subgroup H = { , , } of Z * . The base blocks X , X , X of the SDS are given by the formulas (5) ( ; , , ; ), n = An SDS with these parameters has been constructed in [5] .
For v = there are three parameter sets in P as listed below. We have constructed an SDS for the rst and the third parameter set by using the subgroup H = { , , , , } of Z * . The base blocks X , X , X are given by the formulas (5) 
